The symmetric coupling of two one-dimensional logistic maps displays different types of symmetric and asymmetric attractors on its route to chaos. Coexisting attractors possess basins in the phase space with Julia-like boundaries. Even classical fractal boundaries occur, when the basins of the coupled map with complex variables are explored. The self-similar features of the objects obtain particular fascination by their symmetries dependent on the map.
Introduction
Much insight into the dynamics of non-linear systems has been gained through studies of discrete mappings. A canonical example of such mappings, which displays a period-doubling route to chaos, is the logistic map [1] .
The two-dimensional map studied here is a "crosswise" symmetric coupling of two identical logistic maps. Related couplings of nonlinear oscillators have been discussed by Kaneko [2] as well as Hogg & Huberman [3] . They correspondingly found quasiperiodic behavior with frequency lockings as well as bifurcations into aperiodic behavior.
The present work should complete their results but sets up priorities on explorations of global attraction in the phase space and in the parameter space. We have considered the basins of coexisting periodic attractors which form stripe structures in a self-similar manner. Their separatrices are continuous Julia-like [4] sets. Corresponding self-similar features occur, when we study the level sets of equal attraction in the basins of low order cycles.
Further, in accordance with predictions of Roessler et al. [4] , the map possesses a similar complexity in the parameter space. Neither here nor in the phase space our experiments resulted in classical fractal basin boundaries. But fractals occur for the "complex pendant" of the coupled logistic map. which is nothing else but a four-dimensional (real) map. 
The Map
It is well known [5] that the iteration scheme
which is Euler's method for solving the logistic equation
may be transformed into
with u k = (h/{l+h))x k , r = 14-/7.
Forgetting that (1) is an approximation and treating /? as a parameter which need not be small, the logistic map (2) is one of the most classical examples in the study of bifurcations and chaos of dynamical systems associated with interval maps [1, 6, 7, 8] . We study two logistic maps coupled cross-activatingly, that is,
This map can be regarded as a simple model of two coupled systems each of which exhibits a perioddoubling bifurcation route to chaos. Using the above transformation gives
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results in the one-dimensional iteration scheme
which can be transformed into (2) by u k = (/z/( 1 + 2 /?)) x k and r = 1 + 2 h .
Kaneko [2] as well as Hogg and Huberman [3] investigated the transition to chaos of coupled logistic maps with linear coupling terms of the form d-{x k -y k ). They demonstrated transition from quasiperiodicity to chaos accompanied by frequency lockings with symmetry breaking. Kaneko also found self-similar stripe structures formed by the basins of coexisting attractive cycles. Related transitions to chaotic behavior of coupled nonlinear mappings have also been studied in [9, 10, 11] .
Transition to Chaos
The map (4) can be derived from Kaneko's equations by a linear change of coordinates. But in this paper we consider another bifurcation parameter than he did. First, we give some analytical properties of (4). There are two fixed points, (0, 0) and (2,2). The origin is unstable, and the point (2,2) is a sink for 0 < h ^ 0.5 and unstable for h > 0.5. A hyperbolic 2-cycle
is born in (2, 2) at h = 0.5 and moves for h -* oo to (0, 0) on a circle given by
This can be derived easily from (4) [2] ). Kaneko [2] found for the coupled logistic map transition from a 2-torus to chaos with frequency lockings. According to his results, numerical experiments at increasing values of h show quasiperiodic motion with complicated transitions. For h > 0.6, the loops grow accompanied by frequency lockings, overlap themselves and finally reach a structure looking like the Eiffel tower ( Fig. 1) at h = 0.684. Several period doubling sequences can be observed in the locking states. One of them starts at 0.65955 with period 13 (cf. Fig. 2 ), doubles at 0.65966 to period 26 and can still be observed at 0.6597298 with period 1664. The largest Lyapunov exponent, given by [3] /-= lim \/n In ( DFZ(x 0 ,y 0 ) ||) (13) n oc for an initial point (x 0 ,y 0 ), becomes positive at /; ~ 0.651 when overlapping begins. The chaotic attractor is completely developed (Fig. 1) about Ii = 0.684 [13] , where X = 0.1534. The chaotic region is followed by escape which can be observed for Ii ^ 0.686 (see Figure 2 ). For these calculations we took 50000 iterations from the initial values A 0 = 0.4 and v' o = 0.5.
Phase Space and Julia Boundaries
In this section we study similarity structures which are produced by the basins of coexisting periodic attractors. First, we note that the set of all If a subsequent iterate is closer than 10" 5 to the test point, a period is assumed. This assumption is accepted, if all members of the next 100 orbits are closer than 10" 3 to the corresponding stored points. initial points (.v 0 ,>'o) with bounded iterates under the map (4) looks like a pear (see Fig. 3 ) for all /; > 0 till escape. It changes its shape slightly with h. Figure 3 shows a decomposition of the basin of the 2-cycle (7) for Ii = 0.58 into level sets of equal attraction. Picture elements representing the initial values in the plotted region, whose iterates hit the attractor at an odd number of iterations, are painted black. Otherwise, they remain blank. The resulting pattern is symmetric about x = y. It resembles the decomposition of the "pear" into the basins of two coexisting periodic attractors which are mirror images of each other about . Y = y (cf. Figure 5 (a) ).
This Julia-like [4, 14] "speed pattern" of the pear loses its clarity, when we increase the parameter It. This is due to the fact, that for h > 0.6 high order periodic, quasiperiodic and chaotic motion appears. But the "skeleton" of the pear (Fig. 4) persists for all values of h > 0.5 until escape.
Next, we study this skeleton. First, we note that all points of the upper part of the pear (see Fig. 4 ) have no (real) pre-image. Especially, on the symmetry axis these are the points
Regarding (6), this corresponds to the fact that the one-dimensional map (2) has no real pre-image for u > r/4. Defining
the "ribs" of the skeleton in Fig. 4 are given by
where F% is the «-th iterate of (9). Obviously, S h n a S h n + \, and the whole skeleton is given by Figure 5 ). This is due to the fact that the map (4) is symmetric and the two p= 10 orbits are mirror images of each other about A = y.
Numerical approximations of the basin boundaries indicate the existence of further two but unstable (!/., * 1.344916, / 2 * 2.903783 • 10~3) period-10 orbits (cf. Figure 6 ). Their common basin of attraction is exactly the separatrix of the basins of the two stable 10-cycles. Each component of this separatrix is part of the basin of exactly one of the two unstable orbits, two neighboring components belong to different orbits.
The separatrix, i.e. the basin boundary for the two period-10 attractors of Fig. 6 , is a continuous Julia set. Roessler et al. [14] predicted it with reference to [13] to be the first explicit example of Julia-like boundaries in a nonanalytic (real) twodimensional map. Magnifications of the "Cantorlike" structure at right angles to the diagonal and the ribs of the skeleton (cf. Fig. 5(a) ) exhibit a stripe pattern with continuous boundaries (Fig. 5(b) ). The pattern repeats at further magnifications.
Roessler et al. [4] mention an earlier example of a similar Julia boundary discovered by Mira [15] in the study of two different embedded periodic attractors coexisting in a cubic analogue to Henon's map. Mira called the object "frontiere floue" (fuzzy boundary); both basins were found to accumulate on a Cantor set. In [4] . the authors themselves give an almost trivial example of continuous Julia-like boundaries with noninvertible (real) two-dimensional maps; they studied two uncoupled logistic maps in the "exploded" (chaotic) case.
Almost totally disconnected ("Cantor-like") seems to be the Julia boundary in the second case. /; = 0.678 (Figure 7 (a) ). Now two symmetric p = 15 attractors coexist with one p = 26 attractor. Not distinguishing in Fig. 7 between the two p-15 orbits, we obtain two basins separated again by a continuous Julia set as the stripe pattern in the blow up ( Fig. 7(b) ) suggests to us. The stripe pattern repeats at suitable magnifications. This self-similar stripe structure formed by the basins of coexisting attractors has already been discovered by Kaneko [2] , who studied the basins of two coexisting 32-cycles.
Julia-Like Behavior in the Parameter Space
Roessler et al. [4] predict that all potentially hyperchaotic systems (in [2] Kaneko found hyperchaos for the coupled logistic map) ought to possess Julia-like behavior in their parameter spaces. Indeed. (4) provides examples to support this presumption, when we extend the map by two passive additive variables c x (first equation) and c y , or when we explore it in the two-dimensional (h x , /z v )-parameter space instead of h x = h v = /?. Specifically, we considered the map
}'k +1 = yk + hy (yk -yi + ** + c y ). First, for c x = c v = 0.1 and h x = h v = 0.684 (in the chaotic region) we computed an analogous "speed pattern" in the phase space as described for the original coupled map (4) in the preceding section (Figure 8 ). In contrast to Fig. 3 , now all black and white level sets are niveaus of equal speed of divergence. But the skeleton persists, and when we blow up the "hooks" of the anchor structure in Fig. 8 , the self-similar features repeat in a very striking manner.
Similar computergraphical experiments (following techniques of Peitgen and Richter [16] f.e.) with (19) in the (c x , c y )-and in the (h x ,h y )-parameter space can be found in [17] . All of them show selfsimilar repetitions of pattern at appropriate magnifications, but no fractal boundaries as known from [16] . Especially, exploring the map (19) in the (c v , c,.)-parameter space for .v 0 = >'0 = 0 and again h x = h v = 0.684 results in self-similarities given by Figure 9 . The "face" which is a detail of a basic structure looking like a frog [17] exhibits remarkable self-similarities -now in a parameter space.
Complex Continuation
Due to the relation between the (complex) Mandelbrot set and the (real) period doubling scenario of Feigenbaum it is near at hand to regard the complex version of (4) line is characterized by re (A) = re (V), im(.V) = 0 and im (>') = 0, i. e. it corresponds to the diagonal of the pear in Figure 4 . In fact, it turns out that the intersection points between the complex streets and the middle horizontal in Fig. 10 (a) coincide with the real intersection points between the skeleton and the diagonal in Figure 4 .
The next experiments examine the bounded orbits more precise. It turns out that even in the complex continuation all initial points with bounded orbits belong to the basins of attractin of the two period-10 orbits, known from the real case. Figure 10 (b) is a detail of Fig. 10(a) and shows one of these basins. The clusters of the streets belong alternately to the two basins, not only on the main streets, but also on the side-streets. The fractal boundaries of the basins are demonstrated more detailed in Figure 10 A second two-dimensional subspace of the phase space of (20) is illustrated in Figure 11 . It indicates the convergence behaviour by varying re(.v 0 ) and re (>'o) with im (x 0 ) = im (y 0 ) = 0.01. The black region represents convergency (to the two stable period-10 orbits) and the other points inside the pear can easily be associated with the skeleton and the separatrix of the basins of attraction of the period-10 orbits (cf. Figures 4, 5 ). This connection can be observed still closer with smaller constants im (a'o) = im (y 0 ).
Conclusion
Formerly [13] , the fascinating structure of the chaotic attractor at h = 0.684 (cf. Fig. 1 ) captivated ities formed by the basins of attraction of coexisting cycles and Julia-like boundaries [4] , To recapture a classical continuous Julia set in 2D, one has to proceed (the next) higher dimension after [4] , In the last section, we took another way as proposed there. We regarded two-dimensional subspaces of the four-dimensional phase space of the complex continuation (20). Experiments demonstrate fractal boundaries of the basins in these subspaces with a close connection to the phenomena in the real case.
Many questions remain open. For example, it would be nice to be able to explain the conspicuous similarity between the Julia-like pattern in the basins of coexisting periodic attractors (Fig. 5 ) and the black/white level set colouring of the "speed patterns" in Figs. 3 and 8, respectively. Or in agreement with [4] , to observe the described phenomena for other two-dimensional real maps. Are these properties universal?
us. Now, the richness of structure in the state and in the parameter space of (4) holds our interest. The coupled logistic map is not only a good model to study the dynamics of driven coupled oscillators [3] , but also a canonical example of a nonanalytical (real) two-dimensional map with both self-similar-
